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Abstract 
 
Prediction of protein 3-D structure from primary sequence is a major task in modern biology. 
Protein folding studies show that native-state proteins sit at the bottom of energy landscape 
comparing with other unfolded or misfolded intermediates. Based on this assumption, 
dominant prediction methods adopt energy function as key determinant to discriminate 
native-like structure from other possible conformations. However, traditional predictors lack 
of accurate probabilistic description of native distribution of the local structures, which may 
result in arbitrary proteins that never exist in nature. A novel theoretical model interpreting 
protein structures in terms of soliton has been proposed. This paper aims at integrating 
biological sequence information into the soliton model, while constructing a probabilistic 
function describing the native distribution of local structures. The twenty amino acids were 
re-coded according to their hydrophobic and polar propensity, and simplified as one central 
carbon atom along the backbone. The primary sequence was then cut into 4-residue pieces; 
for each quartet, the backbone bond angle and torsion angle was calculated and projected on 
the angle space. The resulting 2-dimensional histogram showed clearly that different types of 
binary pattern had preference toward different local structures. According to the probabilistic 
distribution, the 16 binary patterns were clustered into 3 major groups by the Kullback-
Leibler divergence. Kent distribution was adopted to describe the probabilistic distribution. 
As loop play important role in the soliton model, the frequency of twenty amino acids in 
flexible regions was also studied. Gly, Pro, Asp and Asn were more favored in loop regions, 
and typical hydrophobic residues such as Ala, Ile, Leu and Val were mostly found in regular 
secondary structures.  
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Introduction 
 

Predicting protein structures 
 

Protein structure prediction is a major task in modern biology.1 It has been well known that 
the primary sequence, the amino acids sequence decided by its corresponding gene, is the 
only information that protein needs to form the complete functional structure. However, why 
a given amino acids chain produces specific spatial shape and how protein folds into native 
conformation remain unclear. Among protein’s four structural levels, the secondary structure 
has been explored in depth. Unlike tertiary structures, which are difficult to identify and 
predict, secondary structures follow certain rules and open a door for scientists to study 
protein folding and dynamic behaviors. Alpha-helix and beta-strand are two kinds of regular 
secondary structures with some fixed parameters to describe their conformational properties. 
For example, the diameter, the number of residues per turn, and the distance per turn of α-
helix is identical. Moreover, the hydrophobic and polar amino acids distribute periodically in 
α-helix and β-sheet. There are also flexible components, such as loops, turns and coils 
connecting the regular pieces. Driven by chemical and energy forces, secondary structures 
find their way to interact and combine together and form the correct conformation.  
 
The currently dominant prediction methods employ knowledge-based approaches, the so-
called “fragment assembly methods”.2 Conceptually, one builds up a library of small pieces of 
local structure “fragments” from existing protein structures, and constructs novel 
conformations by connecting those short fragments together according to certain criteria. For 
example, one of the best tertiary predictor “Rosetta”3 calculates all possible conformations 
and searches for the global minimum in a given protein’s energy landscape4 as key 
determinant.  
 

Protein folding study and energy function 
 

The energy force plays a significant role in protein folding process. Both theoretical and 
experimental research has shown that native-state protein sits at the bottom of the energy 
landscape.4 In other words, along the folding pathways, the polypeptide chain always takes 
the one that leads to the conformation with lowest energy state. On the contrary, unfolded or 
misfolded intermediates have higher energy states and they are unstable. Meanwhile, the 
smoothness of the pathway decides how fast the folding process is. Based on these 
assumptions, energy state becomes a critical criterion in structure prediction.  
 
Several models have been established and each adopted different forms of energy function to 
determine the overall energy of the predicted structures. Two types of energy functions are 
currently in use: the statistical effective energy function (SEEF) and physical effective energy 
function (PEEF).5 SEEF is developed based on the known protein structure data, and PEEF is 
obtained from the fundamental analysis of true forces and interaction between the particles. 
The former functions include distance-dependent energy functions,6 the branch and bound 
algorithm adopted by Eyrich and coworkers7 and the united-residue force field methods.8 
PEEF is developed later than SEEF and it addresses with the detailed physical property such 
as Poisson-Boltzmann equation and self energy. The CHARMM energy function employed 
by Brooks9 is a typical PEEF and still under optimization. 
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A different perspective of energy function 
 
Unlike traditional forms of energy function, which involve detailed particle behaviors, our 
group proposed a novel theoretical model describing the energy in term of soliton.10 In 
mathematics and physics, a soliton is a self-reinforcing wave that keeps the shape and speed 
while it travels, ignoring the obstacles along the pathway. Solitons emerge as a result of 
combing non-linear interactions into localized collective excitation and once formed, they are 
stable against small perturbations and do not decay, unwrap or disentangle.11,12 Equations 
defining different types of soliton have been well established and the soliton theory has been 
employed to explain many phenomenon in physics.10 The soliton model we developed 
captures the collective fluctuation that drives the folding process of protein, and it offers 
calculable profiles with fewer parameters than traditional energy functions. To be more 
specific, one could simply consider the α-helix as a “wave” and the loop as the obstacle. The 
helix wave keeps its shape after passing by the loop obstacle and forms another helix. Thus, 
the soliton model deals mostly with the local interactions between angles and symmetry of the 
protein structure, with little description of chemical interactions such as van der Waals, 
hydrogen bond etc. The soliton energy function has been tested with several short proteins, 
and the overall accuracy was 0.7Å per helix/strand-loop-helix/strand motif in the backbone 
center carbon representation.  
 
Although the soliton model displays promising application in protein folding studies, however, 
the accuracy decreased to 1.2Å when attempted to construct the whole protein by naively 
jointing the motifs together. Another limitation is that until now, it is not possible to calculate 
the parameters directly from the genetic code or the amino acid sequence. In other words, the 
relations between primary sequence and the structure information should be carried out. 
Therefore, including this project, much effort is currently put into the study of implantation of 
biological information into the soliton model.  
 

Cα trace representation of protein structure 
 

With the development of structural biology, it is possible to describe protein structures at the 
atom level. The X-ray diffraction method is able to provide detailed information of the spatial 
position of backbone and sidechain atoms as good as less than 1.0Å. Based on the 
experimental data, originally, simulation and prediction work was based on the all-atom 
model. Nonetheless, lacking of precise description for all atoms and limitation of the 
computational ability has made these approaches extremely low in efficient. Therefore the 
Cα-trace representation is explored to simplify the information and focused on protein 
backbone properties. As shown in Figure 1, each amino acid is reduced to one central carbon 
atom along the backbone; a n-residue polypeptide could be regarded as a n-carbon “beads” 
chain. Meanwhile, the dihedral angles are measured on the C alpha level. For example, in a 
given four-carbon-atom piece, the bond angle ψi is determined by the coordinates of Ci-1, Ci 
and Ci+1; torsion angle φi is determined by and Ci-2, Ci-1, Ci and Ci+1. The Cα-trace 
representation contains sufficient structural information while reduce the number of 
parameters in the energy function.  
 

Presenting protein sequence with binary patterns 
 

The location of polar and hydrophobic residues along the polypeptide chain is defined as the 
binary pattern of a given protein. With the development of structural biology, hydrophobic (H) 
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residues are most commonly found at the interior of protein, and the polar (P) residues appear 
more frequently on the surface area. The new-born polypeptide chain tends to bury the 
hydrophobic residues in the core, and this process is believed to one of the dominant driving 
force of protein folding.13 The burial of the non-polar amino acids becomes the main sources 
of stability in folded proteins. On the other hand, the polar residues located on the surface 
function as folding specificity determinant,14,15 and promote protein solubility. The protein-
protein interaction, including surface recognition and protein binding is also controlled by the 
polar residues on the exterior.16,17  
 
 

 
Figure 1. Cα-trace representation of protein structure. Four continuous Cα are numbered Ci-2, Ci-1, Ci and Ci+1. 
The bond angle and torsion angle are denoted ψi and φi respectively. 
 
 
Interestingly, the distribution of polar and non-polar residues matches the periodicity of 
secondary structures. For example, the alternating hydrophilic and hydrophobic residues were 
observed in β strands, which fit the alternating side chain orientation of the extended structure. 
The binary pattern of α helix is accordance with the amphipathic property, which means that 
the polar residues locate at the solvent-contacting side of each turn, and the hydrophobic ones 
are sitting in the inner part of the helix. Based on these observations, researchers developed 
general principles for recognizing secondary structure from primary sequence.18 Each amino 
acid was assigned intrinsic propensity to form either helical or extended structure accordingly, 
however, the complete conformation were affected by surrounding sequence environment as 
well.19 Moreover, Statistical studies showed that naturally evolved proteins have favored and 
suppressed binary patterns. The local binary motifs distributes in a not-too-many and not-too-
few manner.20 In a word, the binary code determines the secondary structure of protein, and 
individual amino acids follow certain rules when directing the folding process.  
 
The binary pattern has been widely applied in de novo protein design. Hecht and coworkers21 
have constructed artificial four-helix bundle successfully, utilizing the binary periodicity of α 
helix. However, the alternating hydrophobic and polar rules did not work for β strand design. 
Instead, this pattern assembled to large oligomers, which were similar to amyloid structures. 
A variety of studies showed different statistical results about the alternating binary patterns in 
the extended strands,22,20 however, none of them gave convincing explanation. The polar and 
hydrophobic motif is also adopted to identify certain regular structures. For instance, the 
trans-membrane helix was labeled with long continuous hydrophobic residues.23  
 

Directional statistic methods 
 

Protein structure has been widely presented by dihedral angles. Typically, the backbone 
conformation could be converted to bond angles and torsion angles: bond angle describes the 
orientation of connected atoms in the same plate, while torsion angles measure the twist of 
neighboring atoms in space. Theoretically, the angles would adopt any values within [-π, π]. 
Although pointed by Ramachandran in 196324, that not all values were observed because of 
the static constraints, the rest allowed regions were not evenly distributed. However, one 
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critical yet unsolved issue in prediction is lack of accurate description that accommodates 
protein structure (angles)’s native probability distribution in the continuous conformation 
space. Simpler speaking, this means that when looking for the optimal energy state, the 
algorithm has to either explore numerous possible conformations of a given sequence, or set 
up certain arbitrary rules to cut the conformational space into discrete states, as most 
prediction methods do. For instance, Jinfeng25 divided the angle space into four states 
according to the observed angle pair preference. Problems then came out due to the wrap-
around property if one simply applied the usual statistical machinery to the angle data, such as 
Gaussian distribution. In other words, the real distribution for the angle pair was a circular 
manifold, such as a unit sphere or a torus and not the linear distribution. The treatment of 
signed data was within the realm of directional statistics.  
 
A successful probabilistic model should address both sequence and probability information. 
Many attempts have been focused on in this area. By using a hidden Markov model, Bystroff 
and coworkers26 have turned the fragment library into a probabilistic model at the cost of 
local geometric details since they discretize the angular space as well. Camproux and 
coworkers27 also adopted the hidden Markov model and took sequential connections between 
the short local structures into account. The limitation for Camproux’s model existed in 
dealing with large amount of data. The Copenhagen group has constructed a generative, 
probabilistic continuous model of local protein structure at atom level.28 The angular 
preference was fitted in torus-shaped bivariate von Mises distribution and the sequence 
information was captured by using a dynamic Bayesian network (DBN). This probabilistic 
model allowed resampling and unbiased sampling. Compared with Rosetta, the fragment-
assembly methods, the torusDBN model generated more native-like local structures than 
Rosetta. Although the latter model is improved a lot on accuracy, it is still far away to apply 
to global structure prediction. In this project, the Kent distribution became a reasonable 
choice when considering the angle distributed area in the conformational space.2  
 
In practice, the aim of developing a probabilistic model is prediction, but sampling. By 
sampling, one can generate large amount of local structures that accommodate with the 
native-like distribution. To be more specific, the sampled angels from the probabilistic 
distribution which is computed from native structures would give better reflection of the 
original data. Also, researchers have implanted the probabilistic distribution into local 
structure prediction models.28  
 

Aim of the project 
 

The major task of this project is to study the statistical behavior of protein local structures. 
I firstly divided twenty amino acids into two groups, the hydrophobic (H) and polar (P). I 
used structure data from the non-homologous protein structure database of PDBselect, with 
4824 chains from the latest version. The primary sequence was re-written in the binary code, 
and then cut into four-residue quartets. The frequency of each binary pattern (24=16 in total) 
was calculated and analyzed. For each of the binary patter, the most important task is to 
calculate the angles in Cα-trace representation, and deduce the probabilistic distributions. The 
parameters of kent distribution for each binary pattern were fitted using methods described by 
Leong and Carlile.29 To examine if individual definition affect the overall property, the 
alternative H/P definition adopted by Yael was also considered as control group. 
 
Another task is to reduce the binary patterns furthermore, by clustering the asymmetric motifs. 
The distance of frequency on the histogram was explored as major standard in clustering 
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operation. For individual histogram, the whole angle space was divided into 200×400 grids, 
and the appearance of angle pairs in each grid was compared one by one. The summed up 
difference between every two binary patterns was defined as the distance between the two 
groups. By clustering operation, the sixteen four-residue binary pieces were reduced to 3 
major groups.  
 
The amino acid composition in flexible regions was also studied. The occurrence of twenty 
amino acids in loop region, non-loop region and overall structures was calculated. Gly, Pro, 
Asn and Asp showed higher frequency in loops, and the possible reasons were discussed.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Results 

Binary patterns in protein  
 

To test the representative property of PDBselect, the distribution of 20 amino acids was 
studied first. As Figure 2 showed below, no statistical significant difference was observed 
between all know structures in PDB and the representative chains in PDBselect. Gly had the 
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highest frequency difference of 0.61% between the two databases. It could be easily 
understood that PDB collected the full length protein structures, which contained more 
flexible regions such as loops, and Gly and Pro were among the most favored residues in 
these regions.  
 

 
Figure 2. Frequency of twenty amino acids in all known structures in PDB and the non-homologous chains in 
PDBselect. 

 
 

In this study, I examined binary patterns consist of 4 amino acids mainly because 4-residue 
piece is the smallest unit to calculate torsion angles. The observed frequency for 16 binary 
patterns was presented in Table 1 and Figure 3. In general, HPPH and PHHP patterns 
occurred most frequently, while the polar rich patterns were among the least observed 
combinations. The expected probability of each binary pattern was calculated then. On the 
basis of the overall frequency of hydrophobic and polar residues, the observed frequency of H 
and P was 49% and 51%, respectively. The expected probability of each pattern could be 
calculated by the following formula: (Pp)i(Ph)4-i, where Pp and Ph was the probability of polar 
and hydrophobic residues in the data set, and i was the number of polar amino acids. For 
instance, the expected probability of HPPH pattern was 0.492 × 0.512 = 0.0625. As expected, 
the continuous polar patterns (PPPP, HPPP, PPPH) were 25.3% less observed than theoretical 
value. The results were consistent with previous studies30, 22 . The amphiphilic direction of α-
helix favored the sequence periodicity with a non-polar residue in every three or four 
positions, such as PHPPHHPPHPPHHP30. Moreover, in β-sheet, continuous polar patterns 
ranked among the least occurrence compared with other patterns with the same hydrophobic 
and polar residue composition. Again, due to the periodicity property of α-helix, the 
interrupted polar rich patterns (PHPP, PPHP) were slightly more (0.43% in PDBselect) than 
expected.  
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Figure 3. Frequency of 16 binary patterns in all known structure in PDB, representative chains in PDBselect.  
The green colour corresponds to the frequency of PDBselect data with alternative H/P definition for twenty 
amino acids. Typical α-helical quartets (HPPH, PHHP, PPHP, PHPP, HPHH, HHPH) occurred most often in all 
of the 16 patterns. Continuous polar-rich motif (PPPP, PPPH, HPPP) were observed the least.  

 
 

 PDBs  PDBselect  Alternative   
Difference from 

expectation 

  counts Ratio   counts Ratio  counts Ratio   
Theoretical 
Expectation PDBselect PDBs 

PPHH 119976 6.38%  101541 6.35%  101014 6.32%  6.25% 0.08% 0.13% 

HHPP 120694 6.42%  100442 6.29%  100280 6.28%  6.25% 0.03% 0.17% 

PPHP 123336 6.56%  104396 6.53%  110662 6.93%  6.50% 0.43% 0.06% 

PHPP 122285 6.50%  104634 6.55%  110675 6.93%  6.50% 0.43% 0.00% 

PPPH 108444 5.77%  92496 5.79%  98831 6.19%  6.50% -0.31% -0.73% 
HPPP 108645 5.78%  92129 5.77%  98533 6.17%  6.50% -0.33% -0.72% 
PHPH 118989 6.33%  101990 6.38%  101690 6.36%  6.25% 0.12% 0.08% 

HPHP 118124 6.28%  102148 6.39%  101682 6.36%  6.25% 0.12% 0.04% 

PHHH 114374 6.08%  96888 6.06%  91306 5.71%  6.00% -0.29% 0.08% 

HHHP 114258 6.07%  96720 6.05%  91184 5.71%  6.00% -0.29% 0.07% 

HPHH 122184 6.50%  103636 6.49%  97658 6.11%  6.00% 0.11% 0.50% 

HHPH 120919 6.43%  103533 6.48%  97401 6.10%  6.00% 0.10% 0.43% 
HPPH 134628 7.16%  112974 7.07%  112458 7.04%  6.25% 0.79% 0.91% 
PHHP 127534 6.78%  107987 6.76%  107143 6.71%  6.25% 0.46% 0.54% 
PPPP 95033 5.05%  81550 5.10%  93420 5.85%  6.77% -0.92% -1.71% 
HHHH 111419 5.92%  94850 5.94%  83977 5.26%  5.76% -0.51% 0.16% 
Total 1880842 -   1597914 -  1597914 -   - - - 
Table1. Statistics of counts and frequency of 16 binary patterns in PDB and PDBselect. The theoretical 
expectation of each pattern was calculated according to the appearance of hydrophobic and polar residues using 
this formula: (Pp)i(Ph)4-i. Observed frequency with more than 0.5% difference was marked in bold.  
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Figure 4. Frequency of asymmetric binary patterns. The symmetric patterns were reduced as follow: (PPHH, 
HHPP) = PPHH, (PPHP, PHPP)=PPHP, (PPPH, HPPP)=PPPH, (PHPH, HPHP)=PHPH, (PHHH, 
HHHP)=PHHH, (HPHH, HHPH)=HPHH. To be noticed, the definition of hydrophobic and polar residues 
remained the same within each data set, the reduction only referred to the average frequency value of listed two 
symmetric patterns.  
 

Distribution of local structure 
 

The backbone Cα torsion and bond angles were calculated using the algorithm described in 
material and methods section. As testified previously, the PDBselect data was representative 
of known structures in PDB. Therefore, the following studies were based the PDBselect data 
set. The torsion and bond angles were plotted on the two-dimensional histogram (Figure 5). 
Analogous to the Ramachandran plot24, the angle pair (φ, θ) distribution of each binary 
pattern have the densely and sparsely populated regions. The densest region corresponded to 
α-helix, and the second dense yet broader areas were formed by β-sheet. Flexible structures 
covered the non-regular regions in the histogram. Obviously, as displayed in Figure 5 
(complete histograms are appended in supporting information Fig. S2), each of the 16 binary 
patterns gave unique shape, although some of them were similar. For example, the colored 
area was smaller in PPPP plot than HPHH. Furthermore, the occurrence of PPPP in the α- and 
β- structures was much less than HPHH.  
 
The probability of backbone angle pair (φ, θ) was also plotted on the two-dimensional 
histogram (Figure 5, complete figures are shown in supporting information Fig. S3).  
 

Clustering of binary patterns 
 

Several clustering methods had been applied and tested. The main difference was the 
definition of distance among the elements in the same cluster, and the distance among 
different clusters. In this research, the elements were binary patterns, and clusters referred to 
the groups after clustering operation. As there were 16 original patterns and 10 non-
symmetric combinations, 3 to 5 clusters were expected. The most common distances of 
elements are: Euclid distance, Mahalanobis distance, absolute distance and Minkowski 
distance. However, none of them gave clustering result with correlated-coefficient more than 
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0.7, nor reasonable hierarchical clusters. Thus Frobenius norm31 was introduced as the 
distance between elements.  
 

  
 

       
 
Figure 5. Two-dimensional histogram of HPHH and PPPP in PDBselect as example. A: Histogram of actual 
count of HPHH quartets in representative chains in PDBselect. The angle space was divided into 200×400 small 
grids, and the colour bar at right side referred to the numbers per grid. The densest region with red colour 
corresponded to α-helix, while the broader dark blue region denoted β-strands. Flexible components were 
populated on other light-colour regions. B: Histogram of frequency of HPHH quartets in PDBselect. The colour 
showed the frequency in each grid for HPHH. C and D: Histograms of actual count and frequency of PPPP 
pieces in PDBselect database. The colour bar was unified for all figures. Histograms showed clearly diverse 
occurrence and distribution of different patterns. Complete histograms can be found in the Supporting 
Information.  
 
 
For the 16 original binary patterns calculated from PDBselect, the clustering result with 
Frobenius norm as distance of element, and average (center of gravity) as distance of clusters 
was shown in Figure 6. Below the distance of 700, there were three major clusters: (PHHH, 
HHHH, HHHP, PPPP, HPPP, PHPH, HPHP), (PPHH, HHPP, PPH, HPHH, HHPH, PHPP), 
(PHHP, HPPH). Expect for (HPPP, PPHP), all other symmetrical pairs fell in the same cluster. 
Interestingly, PHHH, HHHH and HHHP patterns remained together below the distance of 550, 
which indicated that a single polar residue connected with three continuous hydrophobic 
amino acids gave similar local structure to the ones formed by HHHH. Meanwhile, the 
(HPHH, HHPH) pair stayed in the same sub-group below 550. However, the distance between 
this group and the corresponding single polar residue group was much higher. Thus, one polar 
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residue would influence the local structure when sitting in between of three hydrophobic 
residues.  
 

 
Figure 6. Hierarchical clustering of 16 binary patterns by Frobenius distance. The 16 patterns were classified into 
3 major groups, with correlated-coefficient of 0.73807. Symmetric patterns were grouped together.   
 
 
The combinatory frequency of non-symmetric patterns was clustered as well. The Kullball-
Leibler (KL) divergence32 was defined as the distance of elements. KL divergence is a 
standard non-symmetric measure of distance between probability distributions. The average 
distance of clusters gave the highest correlated-coefficient of 0.885 and 0.886 for PDBselect 
and alternative data sets, respectively (Fig. 7). The resulting major clusters were the same for 
both sets: (PPHH, PHPP, HPPP, HPPH), (PHHH, HPHH, PHPH), (PHHP, PPPP, HHHH). 
Thus, although individual frequency of each pattern in both sets was slightly different, the 
overall distribution of local structure remained the same. The clustering result again indicated 
that different definition of hydrophobic and polar residues was not the determinant of local 
structure preference.  
 

 
 
Figure 7. Hierarchical clustering of asymmetric binary patterns by Kullback-Leibler divergence. A: Clusters of 
asymmetric binary patterns of PDBselect. B: Clusters of asymmetric binary paterns of alternative H/P definition. 
The correlated-coefficient are 0.885 and 0.886 for the two data sets, respectively. No clustering difference was 
observed between the two sets.   
 

A B
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Kent parameter fitting  
 

As mentioned in material and methods, the probability density function of Kent distribution is: 
 

 
 
where v is the unit vector, κ describes the concentration of the data, β (0 ≤ 2β < κ) determines 
the ovalness which is large for ovoid data and decreases as the data becomes more circular. 
For data set of PDBselect, the fitted parameters were shown in Table 2. All of (κ, β) pair 
matched the limitation of 0 ≤ 2β < κ. 
 

  PPHH HHPP PPHP PHPP PPPH HPPP PHPH HPHP 
κ 1.462 1.454 1.430 1.431 1.416 1.571 1.438 1.571 
β 0.242 0.214 0.224 0.210 0.204 0.208 0.231 0.244 

         
  PHHH HHHP HPHH HHPH HPPH PHHP PPPP HHHH 

κ 1.521 1.459 1.628 1.563 1.483 1.574 1.553 1.622 
β 0.240 0.259 0.232 0.268 0.235 0.258 0.231 0.261 

 
Table 2. Fitted parameters of kent distribution for 16 binary patterns. 

 

Comparison of amino acid appearance between loop and non-loop regions in protein 
 

The goal is to find out the difference of amino acids distribution between loop and non-loop 
regions in protein. The data set for loop region was extracted from 1414 proteins consists of 
only loop and helix at the secondary level. The data sets for “all a.a.” and “non-loop” were 
based on all known structures in PDB. The frequency was then calculated for each type of 
amino acid in the three sets, and the results were show below. 
 
As shown in Figure 8, glycine (G) and proline (P) appeared much frequently in loop regions. 
The frequency of glycine and in loop was 9.43%, and less than half in non-loop regions, 
which was only 4.64%. Even compared with the average appearance in all amino acids set 
(7.55%), the frequency was still higher, showing that glycine was much more favored in loop 
regions, and so was proline. The reason could be drawn from the chemical structure of the 
two amino acids. Glycine was the simplest amino acid with no sidechain, which may 
contribute to the preference in the flexible loop area. Proline had almost equal trans- and cis- 
conformation, and it made them difficult to show up in the regular secondary structures such 
as helix. In fact, prolines tended to be the helix “breaker”.  
 
Interestingly, aspartic acid (D) and asparagine (N) also showed stronger preference in loop 
regions than regular secondary and overall structures. This observation could be explained by 
the “helix cap” role of asparagine’s side chain, which was able to form hydrogen bond 
interaction with the backbone. Thus, Asp was commonly found in turn motifs in β strands and 
around the beginning and the end of α helices, constructing hydrogen bond with the backbone 
to stabilize these regular secondary structures. Meanwhile, alanine (A), isoleucine (I) leucine 
(L) and valine (V) presented lower frequency in loop areas than the other two, which was easy 
to understand since all of them were typical non-polar residues, and tended to be buried in the 
interior of proteins.  
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Figure 8. Statistic of frequency of twenty amino acids in loop and non-loop regions from known protein 
structures. The table at bottom denoted the percentage for each type of residue. Gly, Pro, Asp and Asn showed 
obvious preference in loop regions, while Ala, Ile, Leu and Val appeared much frequently in regular secondary 
structures. 
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Discussion 
 
The frequency of twenty amino acids in native proteins differs from each other. The most 
common hydrophobic residues were: Ala, Leu, Gly and Val, while Cys, Met and Trp showed 
much lower occurrence. Among the polar residues, Asn, Asp, Lys, Arg and Ser appeared 
more than the other hydrophilic amino acids. This observation was accordance with the fact 
that these five residues often played significant role in the active site. Although the frequency 
was different for individual amino acids, after assigned with the binary code, the summed up 
frequency of H (49%) and P (51%) group was almost even. Based on this phenomenon, one is 
able to conclude that nature does not prefer hydrophobic or polar residues to the counterpart.   
 
The observed frequency of 16 binary patterns showed clearly that continuous polar residues 
were less than expected. Similarly, Yael and coworkers have studied the frequency of five-
residue binary patterns, and the continuous polar motif appeared less than half of the average 
frequency.22 Longer amino acid strings were studied in globular protein (strings), indicating 
that consecutive hydrophobic residues from 7 to 13 were highly suppressed in nature. 
Therefore, we would expect similar suppression of the continuous polar strings. Native 
proteins fold rapidly after translation; however, long patch of hydrophobic residue leads to so 
many pathways that would either slow down the folding process, or cause misfiling and 
malfunctions. On the other hand, peptides with continuous polar residues lacks of driving 
force of folding, which results in unstable intermediates or misfiling aggregates as well. On 
the contrary, the periodicity of interrupted polar and hydrophobic amino acids of regular 
secondary structure is a good example of nature-favored H/P composition, which helps to 
form stable and fast-folding proteins. 
 
Local binary structure has preference for secondary structures, as the two-dimensional 
histogram of the frequency of asymmetric patterns (Fig. S3) presents. (HPPH, PPHH, PHPP) 
centralized at the alpha-helix region, with little appearance at the beta-strand structure area. 
(HPHH, PHHH, PHPH, HHHH) occurred much less in helical conformation, on the contrary, 
they accommodated a broader area corresponding to beta-strand. (PHHP, PPPP, HPPP) was 
observed less common in the alpha region, and more often in the extended angle area 
compared to the first group. The clustering hierarchical tree again confirmed the observation. 
Two major group divided by KL divergence was (PPHH, PHPP, HPPP, HPPH, PHHH, 
HPHH, PHPH) and (PHHP, PPPP, HHHH), similar to the highly regular secondary structure 
and flexible regions in the histogram. Furthermore, the large group could be classified as two 
sub-groups: (PPHH, PHPP, HPPP, HPPH) and (PHHH, HPH, PHPH), according to their 
individual preference to helical or extended structures. As expected, the polar-rich patterns 
(HPPP, PHPP, PPPP) showed higher frequency at the flexible regions, shaped as strips at the 
bottom of the histogram. Especially, the overall allowed area of PPPP was broader than any 
other patterns, indicating that continuous polar blocks adopt more local structures than other 
quartets. For unknown reasons, pattern HHHH was clustered to the flexible group while the 
histogram showed clearly that HHHH possessed strong preference for beta strand.  
 
The alternative definition of polar and hydrophobic residues was also tested. Both frequency 
and local structure preference illustrated allowed fluctuation with no significant variation 
compared with PDBselect data set. Thus, one single amino acid re-definition does not 
influence the overall behaviours of H/P patterns. When studying the amino acid strings in 
globular protein, Russell and co-workers examined the importance of specific choice of 
hydrophobic residues by subtracting out classified hydrophobic residues and individually 
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adding the polar ones in recalculations. Our result was accordance with Russell's conclusion 
that the macroscopic behaviour of H and P patterns does not depend on the exact residue 
composition critically. It would be more meaningful to test alternative H/P definition, such as 
the extreme classification of H = {F, L, I, M, V} and P = {D, Q, K, N, E, H} Hecht and co-
workers adopted.21  
 
The probabilistic model is significant improvement for local structure description. Traditional 
protein structure predictors lack concrete statistical foundation, which imposes arbitrary limits 
on the conformation space. In this project, kent distribution was explored as the probabilistic 
model, and the sphere-shaped distribution pattern showed both the location and direction of 
angle pairs. Hamelryck and co-workers develop a generative, probabilistic model with 
bivariate von Mises distribution and the resulting figure was torus. The difference between 
torus and unit sphere lies in different variance of angle pairs. In general, both models depict 
native distribution of local structures, and one would expect more accurate sampling using the 
directional probabilistic models than conventional approaches.  
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Material and Methods 

 

Data resource 
 

All calculation and statistical analysis were performed based on two databases: the Protein 
Data Bank (PDB) and PDBselect33. For data set PDBs, the structure information was 
extracted from PDB using the following criteria: Macromolecule type with containing only 
protein; Experimental methods with X-ray and ignoring experimental data; Remove similar 
sequence at 90% identity. The resulting data set PDBs had 10038 PDB entries.  
 
PDBselect is a list of protein chains that are representative with low mutual sequence 
identity.1 In this project, I used the most recent 25% list released in November, 2009 with 
4824 chains. The threshold above means the average sequence identity of those 4842 chains is 
25%. The advantage of employing PDBselect is to apply unbiased statistical analysis given 
the low mutual data set. 
 

Definition of hydrophobic/polar binary patterns 
 

The twenty amino acids were classified as hydrophobic and polar as follows: H = {A, C, F, G, 
I, L, M, P, W, V}, P = {D, E, H, K, N, Q, R, S, T, Y}. This classification corresponded to the 
side chain polarity defined by Hausman34, and each category enclosed ten amino acids. 
Moreover, to study the impact of alternative definition of H/P residues, partitioning of H and 
P were also examined. According to the octanol-to-water free energy of transfer scale 
research35, Cys was assigned to the polar group since it possessed side-chain hydrogen-
bonding property. The resulting binary classification was treated as an extra data group called 
“alternative” in this study. 
 
The binary patterns referred to the H/P composition of quartets extracted continuously from 
protein backbones. Therefore, the four-residue window would make up to 24=16 types of 
binary patterns in total, and an n-residue protein would generate (n-3) patterns. For example, 
if a sequence was defined as HPPHPHPPHHP, the binary patterns for this sequence were: 
HPPH, PPHP, PHPH, HPHP, PHPP, HPPH, PPHH, and PHHP. For multi-chain proteins, the 
algorithm stopped at the gap between two chains, and continued from the beginning of the 
next chain. As symmetric patterns such as HPHH and HHPH, could be treated in the same 
way in the soliton model, the total number of binary patterns was then reduced to 10 (non-
symmetric patterns): HPPP, PHPP, HHPP, HPHP, HPHH, HHHP, HPPH, PHHP, HHHH and 
PPPP.  
  

Representation of protein structures 
 

Typically researchers used to employ the all-atom model or the three-atom to display 
protein’s overall structures or backbone conformations. However for the soliton model, in 
order to ignore the sophisticated local chemical interactions, the only needed information has 
been reduced to the conformation of backbone central carbons. Thus the Cα-trace 
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representation2 combined with the Frenet equations was developed to denote protein 
backbone conformation.  
 
The Cα representation treated backbone structure in terms of single point (each amino acid’s 
Cα atom, Figure 1), and the overall shape consists a series of connected points, each with an 
(θ, φ) angle pair as conformation parameters. As a result, an N amino acids protein R can be 
expressed with a set of angles: 

 
R(N) = {(θi, φ i), i=1…N} 

 

Where (θi, φ i) is the bond angle and torsion angle of the ith Cα formed with the neighboured 
Cα atom, respectively.   
 
As discussed above, the backbone now can be easily viewed as a space curve passed through 
each Cα position, following the local geometric parameters. At every position, we defined a 
three-dimensional orthonormal coordinate system, the Frenet frame, which had components 
t(s), n(s), and b(s), the tangent, normal, and binormal vector to the curve4 was constructed. 
To be more specific, these vectors can be calculated by differentiating the curve r(s) with 
respect to arclength s:  
 

t(s) = r’(s),     n(s) = t’(s)/||t’(s)||,      b(s) = t(s)× n(s). 
 

The continuous Frenet equations are: 
 

 
 
where κ = ||t’(s)|| is the curvature and τ = b · n’ is the torsion. In the case of Cα model, the 
equations could be rewrite in the discrete form as follows: 
 

 
 
The general form of orthogonal rotation between two consecutive discrete Frenet frames is 

 
 
Then the condition                        (from construction) gave the constraint 
 

 
 

which leaded to              Finally we could write the discrete Frenet equations as 
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where ψi+1 was bond angle and φi was torsion angle. In the limit of , 
one would recover the continuum Frenet equations with  
 

 
Where was bond length. Both the bond angles and torsion angles could be 
recovered by solving the triangular relations 
 

 
 

and the solution read 
 

 
 

However, ψi+1 was always positive. It became clearer if we noticed  
 

 
 

So the bond angles took value on (0, π) while the torsion angles were defined on (-π, π). They 
were different from dihedral angles (in Ramachandran plot) which were both within [-π, π]. 
Such a difference indicated the different manifolds there variables lived in. To be more 
specific, a pair of bond/torsion angles standed on the unit sphere S2 while a dihedral angle 
pair defined a point on the torus T2.36  
 

Clustering binary patterns 
 

The clustering approach based on local structure similarity provided a useful method to group 
the binary patterns and obtain simplified classification of backbone local structures. The 
advantage of reducing the binary groups to handful number was to simplify the process of 
generating and estimating parameters of the energy function. In a typical clustering algorithm, 
the distance between every two elements in the pool was calculated first, and the closest 
elements were thrown into the same cluster. With the distance increasing, more elements were 
attached together in a hierarchical order and the dendrogram was finally plotted. The major 
variables were the distance between elements and the distance among different clusters.  
 
In this study, clustering was performed in Matlab, which contained built-in algorithm. 
However, no rational dendrogram was generated after some test runs. Thus, the Frobenius 
norm was introduced to calculate the distance of appearance between different binary patterns. 
For two matrixes A and B, the Frobenius norm was defined as: 
 

||D||F = squat (trace (A-B)  (A-B)’) 
 
where the dot product run throughout every single element in the two corresponding matrix. 
 
As for the clustering of probability between 10 non-symmetric binary patterns, the Kullback-
Leibler(KL) divergence was employed as the distance between elements. KL divergence was 
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considered a natural distance between two probability distributions, which followed the 
formula 

 
where P and Q were two discrete probability distributions, and the sum ran over all possible 
values. Typically, P played as an empirical probability distribution that was extracted from 
observations and Q represented predicted or an approximation of P, which resulted in a non-
symmetric divergence value. Luckily, in this project, this impact would be eliminated since 
the involved probability distribution of each pattern pair was both obtained from observed 
data. Thus, the distance was simplified as  
 

D (P, Q) = (KL (P, Q) + KL (Q, P))/2 
 
To apply the KL divergence formula, I first calculated the frequency of (φ, θ) angle pair in 
each grid in the histogram, which produced a new 200 × 400 matrix. The algorithm then 
simply ran over all numbers in the matrix and summed up the distance.  
 
As for the distance among clusters, the common methods included single distance (the 
shortest distance between the elements in two clusters), complete distance (the furthest 
distance), ward distance (inner squared distance) and average distance (unweighted average 
distance). The test results showed that the average distance gave the most rational and stable 
dendrogram. Therefore the following clustering operation set average distance as the default 
distance among clusters.  
 

Directional statistical analysis of angel preference 
 
Kent distribution, proposed by John T. Kent37, is a special case of Von Mises-Fisher 
distribution on the two-dimensional sphere. It could also be seen as the general bivariate 
Gaussian distribution. The probability density function of Kent distribution is: 

 
 
where v is the unit vector, κ describes the concentration of the data, β (0 ≤ 2β < κ) determines 
the ovalness which is large for ovoid data and decreases as the data becomes more circular. G 
(γ1, γ2, γ3, ) is a 3 × 3 matrix containing these three 3 × 1 unit vectors, determine the location 
and direction of the equiprobability contours on the unit sphere.  
 

To estimate the parameters of Kent distribution for protein local structures, one needed to 
convert the angle pair data in the form of unit vector v. This could be done by computing the 
Cartesian coordinates using the following formula38: 

 

xi = sinθi cosφi,    yi = sinθi sinφi,    zi = cosθi 
 
The mean direction of n data points has a resultant length of: 
 

 
Where Sx, Sy and Sz are the sum of the unit vectors 
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The parameters of Kent distribution were then fitted by the method proposed by Philip 
Leong29 as follows: 

 

 
Computed matrix B using H and T: 

 
Let B to be written like this: 

 
 
If we define                                               , then the rotation matrix G was calculated as 
follows: 

 
 
The matrix V was deduced by                      , and represented as: 
 

 
 
Let Q = v11- v22, together with the resultant length R, the shape parameters could be 
determined by 

 
 
The estimated parameters described the probability distribution of the directional angel pairs 
of each binary pattern, respectively. In other words, the probability density functions were 
different for the 16 patterns.  
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Amino acid preference in loops 
 

The data resource for amino acid preference in loop regions were devided into three sets: the 
“all a. a.” and “non-loop” sets included 10038 entries in PDBs, as described before; the 
“loop” set involved 1414 proteins from PDB, consisting of only helices and loops at the 
secondary level. The main criteria for filtering the “loop” set were: 0 beta sheets and 0 to 
100% alpha helices of secondary structure content; experimental methods with X-ray and 
ignoring experimental data and remove similar sequence at 90% identity.  
 
The algorithm then read the PDB files, recognized secondary structures and calculated the 
frequency for each type of amino acids accordingly. For the loop data set, only the loop 
residues were recorded, while for non-loop data set, all residues were summed up except 
those in the flexible areas. The “all a. a.” set served as reference for comparison. 
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Figure S1. Two-dimensional histogram of the actual counts of 16 binary patterns calculated from PDB. The 
distribution and density varied among different quartets.  
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Figure S2. Two-dimensional histogram of the actual counts of 16 binary patterns calculated from PDBselect. 
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Figure S3. Two-dimensional histogram of the frequency of asymmetric binary patterns in PDBselect. Colour 
definition has been standardized. (HPPH, PPHH, PHPP) centralized at the alpha-helix region, with little 
appearance at the beta-strand structure area. (HPHH, PHHH, PHPH, HHHH) occurred much less in helical 
conformation, on the contrary, they accommodated a broader area corresponding to beta-strand. (PHHP, PPPP, 
HPPP) was observed less common in the alpha region, and more often in the extended angle area compared to 
the first group. 
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Figure S4. Two-dimensional histogram of the frequency of asymmetric binary patterns in alternative data set. 
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